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Abst rac t - -Th is  article addresses the question of how many points may be placed in an rn by n 
array so that the slopes between pairs of points have distinct values. If d(m, n) denotes the maximum 
number of points, the value of d(m,n) is given or bounded for m < n < 11. Examples are given. 
(~) 2000 Elsevier Science Ltd. All rights reserved. 
Figure 1. 
Let G(m, n) denote the m by n grid of integers 
G(m,n) = {(i,j) l O < i < m, 0_~j<n}.  
The slope between two points P = (a, b) and Q = (c, d) of G(m, n) is defined to be s(P, Q) where 
d-b  
s (p ,Q)  = 
c--a" 
Let T be any subset of G(m, n). T is said to be slope-dist inct (SD) if it has the following property.  
Let (P, Q) and (R, S) be any two pairs of points selected from T which are dist inct  as unordered 
subsets. Then s(P, Q) is not equal to s(R, S). 
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Table 1. Dense slope-distinct sets, 
n 
\ 1 2 3 4 5 6 7 8 
m 
1 1 1 1 1 1 1 1 1 
2 3 3 3 3 3 3 3 
3 4 4 4 4 4 4 
4 5 5 5 5 5 
5 6 6 6 6 
6 7 7 7 
7 7 8 
8 8 
9 
10 
11 
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d(m, n) versus m, n, n ~_ m. 
9 10 11 12 
1 1 1 1 
3 3 3 3 
4 4 4 4 
5 5 5 5 
6 6 6 6 
7 7 7 7 
8 8 8 8 
8 9 9 9 
9 9 _>9 10 
_>10 >10 >10 
>I0 >_ii 
Slope-dist inct sets are closely related to (and more constrained than)  Costas arrays. An m 
by n Costas array has the set of vectors between pairs of points dist inct  in either length or 
angle. Consequently, a s lope-dist inct set is a Costas array but  a Costas array is not necessari ly 
s lope-dist inct.  (This definition of a Costas array is nonstandard;  conventional ly a Costas array is 
required to be a permutat ion  matr ix . )  A possible appl icat ion for s lope-dist inct sets could be as 
follows. Imaging a rectangular  m by n grid on which N radar  stat ions are placed. For a waveform 
arr iv ing at  angle A, it is desired that  at  least N - 1 stat ions have unrestr icted l ine-of-sight access 
to the signal, regardless of the angle A, i.e., at most one stat ion can stand between a stat ion and 
the arr iv ing signal. I t  is also desired to maximize N subject  to these constraints. 
Put  d(m, n) equal to the max imum size of a set that  is s lope-dist inct and contained in G(m, n). 
We have an immediate  bound for d(m, n). 
LEMMA 1. 
d(m, n) < min(m, n) + 1. 
PROOF. Wi thout  loss of general i ty assume m < n. Let T be a s lope-dist inct set and assume that  
there are at least m + 2 points in T. By the pigeonhole principle, there are either three points in 
the same row or two rows each with at least two points in them. In both cases, we get two pairs 
of d ist inct  points with zero slope, a contradict ion on T having at least m + 2 points. | 
Various researchers [1] have sharpened this bound for the special cases of 
(i) m=n,  and 
(ii) large values of n. 
This  art ic le presents examples and nonexistence results for small  values of m and n that  have 
been establ ished by computer  search. Table 1 presents the known values for d(m,n), m < n. 
Examples  of s lope-dist inct  sets that  at ta in  the various values of d(m, n) are given in Table 2 (see 
the Appendix) .  We see that  m = 6 is the largest value for which d(m, m) = m + 1. The sequence 
of d(m, m) is as follows: 
1 ,3 ,4 ,5 ,6 ,7 ,7 ,8 ,9 ,10  or 11,10 or 11 . . .  
Another  sequence can be defined where the m TM term is the smallest value of n _> m for which 
d(m, n) = m + 1. This sequence starts  
1, 2, 3, 4, 5, 6, 8, 10 . . . .  
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This sequence, as far as it is evaluated, coincides with sequence 182 in [2], a sequence obtained 
from the genus of the complete graph [3]. The authors do not care to speculate on whether this 
is a coincidence or not. 
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APPENDIX  
Table 2. Examples of slope-distinct sets. 
4 points in a 3 by 3 array 5 points in a 4 by 4 array 
| 
6 points in a 5 by 5 array 
m 
I I  
7 points in a 6 by 6 array 
7 points in a 7 by 7 array 8 points in a 7 by 8 array 
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Table 2. (cont.) 
8 points in a 8 by 8 array 
9 points in a 8 by 10 array 
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Table 2. (cont.) 
9 points in a 9 by 9 array 
113 
10 points in a 9 by 12 array 
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Table 2. (cont.) 
10 points in a 10 by 10 array 
,'~i i ~,' "ii I 
10 points in a 11 by 11 array 
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Table 2. (cont.) 
11 points in a 11 by 12 array 
